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Abstract

We present a modification of the nearest neighbours method in order to improve accuracy of forecast of a time series. This modification is
characterized by an adaptive metrics, which is able to adjust its parameters to each segment of a time series. In order to assess the accuracy of the
presented method synthetic and real time series were predicted. We show, that this modified metrics is advantageous in prediction in comparison

with standard Euclidean metrics or weighted metrics.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The nearest neighbours method is one of the most popular
techniques in nonlinear time series analysis. This method is
often used for prediction of seasonal time series in such fields
of research, as nonlinear and chaotic time series investigations
[1-3], meteorology [4,5], economics and finance [6,7] and
industrial processes modelling [8].

In essence, the nearest neighbours method goes as follows:
each time a forecast needs to be made the data series is searched
for the situation, similar to the current one. The final fixed
number of points of the data series is compared with all other
parts of this time series, which have the same length. The
comparison is quantified with the help of a chosen metrics.
Then, prediction is based on what happened after the closest
(in the chosen metrics) chunk of signal in the past.

Often the nearest neighbours method gives us one of the best
fit for nearly periodic time series forecasting, but in spite of this
fact, several points of the method are still open to questions.
It is a problem how to determine the parameters of method as
discussed in [5,9-11]. Comparison of different kinds of metrics
is given in the papers [8,12] and overview of appropriate
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measure of nearness is presented in [9]. In [2,13,14],
analysis is carried out not only for most popular metrics, but
also for more general measure with several parameters. In [8] is
proposed a distance, called shape distance, which is insensitive
to scaling and translation.

However using the metrics, mentioned above, it is almost not
possible to trace a tendency of global increasing or decreasing
of time series amplitude. In case there is no special amplitude
factor, forecast exhibits a tendency to amplitude attenuation.
One possibility of dealing with this situation could be to remove
all trends in a preprocessing step. This however might produce
additional prediction mistakes, connected with trend estimation
and prolongation.

In this paper, we present a modification of the nearest
neighbours method and propose a new flexible metrics,
which reduces problems of amplitude changing and trend
determination.

This paper is organized as follows. In the next two sections,
we give an overview of classical nearest neighbours method and
propose our extension of this method. Then we cite an instance
of synthetic time series prediction, and afterwards we apply our
modification for forecasting of banking data.

2. k-nearest neighbours algorithm

Among the reasons that deterministic nonlinear modelling
techniques of complex data series have received a great deal
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of attention is that they can be used to forecast, at least in the
short term, the evolution of a chaotic system whose underlying
dynamics is unknown [14].

Most of these techniques can be grouped into two major
classes: global and local ones. In global methods, the whole
past information is used for predictions about the evolution of
the system under study. Clearly, this has the disadvantage that if
new information is taken into account, all the parameters of the
model may change and then a long parameter estimation time
may be required. The local methods overcome this drawback
by utilizing only part of the history.

Let us consider a time series

yi e RT, 3, >0. (D

In fact, the basic idea, which supports local techniques, is
that, if a deterministic mechanism governs the evolution of this
data series, then, for sufficiently high values of m, any value
yn+1 Will be given by

=1, Y2 -5 YN)s

s YN—(m—=1)z) = F(Yy), (2)

where F is a continuous rule, and we have introduced the firting
set Y. A window mt consists of the past values of time series,
where m is the embedding dimension, and 7 is the embedding
delay. Often the length of such a window can be chosen by
sight. In most cases, it is a length of seasonality, which can be
determined by means of autocorrelogram.

To compare the fitting set Y with all other parts of this time
series, which have the same length, we define a set of (N —
2mt + 1) finite windows, called the fime delay embeddings.
Each vector Y; of this set is defined as

YN+1 = F(yn, yYN—2, ...

Y = rs Vi co s Vi—m-1t), t€[mT; N —mr].

In the k-nearest neighbours algorithm, a future value yy 41
(target value) of data series can be approximately predicted
from the evolution of k vectors Y, ,(] ), called nearest neighbours,

which are chosen according to some metrics, to be specified

later:
S() SR >k
YN+1 = @(Yl( ),Yt( ) Y,( )).

A particular choice might be to take the average value of the
k target values of the corresponding k-nearest neighbours:

¢ S L ()
e (77) = ol ®

Jj=1 Jj=

YN+1 =

The criterion for selecting a vector to be a nearest neighbour
is the measure of closeness of the concerned vector Y; to the
fitting set Y. The determination of the measure of closeness
is the major factor responsible for the prediction success.
Closeness is usually defined in terms of a metrics distance
on the Euclidean space. The most common choices are the
Minkowski metrics:

Ly(Yn. Y = (Iyy — yil* + lyn—
1
— Vel A YN — Yi—m—1)r | . 4

This metrics has some particular cases:

(1) in case d = 1 we have the cityblock metrics
Li(Yn. Y) = |y — yil + [yn—r
— Vil T YN—m—D)r — Yr—m—-D)z|; (5)
(2) case d = 2 gives us the widely used Euclidean metrics

Ly(Yn, Y) = (lyw — vl + lyn—e

1
— VP N1y — Yi—m—1)z| )75 (6)
(3) and while d = oo we have the Chebychev metrics

Loo(Yy, Y;) = max(Jyny — yil,

lyN—z = Yi—zls ooy [YN—(m=1)r — Yr—m—1)z])-

3. Adaptive k-nearest neighbours method

In this paper, we are concerned with a modification of the
k-nearest neighbours method in the case, where the dynamics
F given by Eq. (2) has some invariance properties. Suppose
that the dynamics is translation invariant:

FOyn +u, yN—r + 14, ..., YN—(m-Dr + )]
= F(Y’N)—FM (N

and that it is homogeneous with respect to scaling:

AYN—(m—1yz) = AF (Yy). (8)

Such an assumption seems natural in many cases, where the
dynamic does not depend on the absolute value of the past, but
rather on the shape of the fluctuations around some average
value and their overall size. In this case, the dynamic does
not depend on m variables, but rather on the reduced variables
(Y N — (Y ~N))a, where (Y ~n) denotes the average value, and « is
a scaling parameter that fixes the variance to 1.

Note that other invariance of that type can be treated by an
obvious modification of the method we are going to describe.
However, for the sake of definiteness, we limit ourselves to
this specific invariance. One possible way to take into account
this invariance of the dynamics in the estimation of the nearest
neighbours would be to translate to zero average value and scale
to variance 1 each time delay embedding before applying a
Minkowski distance metrics (4).

Here however we propose an alternative method to factorize
out the invariance of the dynamics in the estimation process. We
therefore introduce the following metrics where we factorize
out the symmetry group of the dynamics:

F()“va)"yN—'L's Tt

LA(?N, I?t) = min F; (A, i4y),
Aty It

<
U

where  F;(As, iy) = (lyv — Arye —

; ©
+lyN—t =AYz — te|® + -+

1
IYN—m—1yr = A Ve—m—tyr — el

The parameter of minimizatign At ig (9) equilibrates the
amplitude difference between Yy and Y;, and parameter u, is
responsible for the trend of time series. These parameters lie in

the range of

Ar € [L; R /re]l, e €105 Ry — 1], (10)



M. Kulesh et al. / Physica D 237 (2008) 283-291 285

where {i’, and r; are the largest and the smallest elements of
vector Y; correspondingly.

Now based on this quotient metrics, we choose the
k-nearest neighbours. From (7)-(8), we obtain Ehat the
associated predicted target value y, for each vector Y; is then
the back-translated and rescaled value:

Vey1 = )"tF(?t) + e = A Yr+1 + U

Finally, the target value yy1 (3) is predicted as an average of
local target values yffl, j=1...k:

k
1 (Do) 4 )
IN+I= 7 2:: (/\ Vi T ) .

For given vectors Yy and Y,, the optimization problem
(9) can be solved in general for every d using, for example,
the Simulated Annealing approach [15]. In the case d > 1,
the derivatives of the function F;(A;, u;) exist and, therefore,
we can obtain A; and pu, using the algorithm of Levenberg-
Marquardt [16] optimization or other gradient method.

However, this optimization problem has two interesting
particular cases. In the first case of Adaptive Euclidean metrics
by d = 2, we define

Fr(hes o) = (YN — Aeyr — ,ut)2
+ON-1r = M Yr—7 — Mz)z +

S DREE

If we then consider two conditions dF;(As, us)/0A; = 0

and 0F; (A, y)/0p; = 0 and solve the corresponding linear

system, we can obtain the solution of the minimization problem
analytically:
SN St — StSnt mSn: — St Sy

pp= SO IOy = TN T 2N
! mSn — S[Z ! mSn — S[Z

m m
2
St = Zyl‘f(ifl)‘[v Si = Zy,_(i_l),,

i=1 i=1

-+ (YNf(mfl)r
—MYi—(m—-)t

where

m m
Sy = Z)’N—(i—l)ra Sne = Z)W—(i—l)ryz—(i—l)r-
i=1 i=1
The second particular case of the metrics (9) withd = 1 is
the adaptive cityblock metrics, where the function F; (A;, i) is

defined as

Fr(hes e) = |yN — Aeyr — M|
+ YNt — ArYi—r — M|+ F YN—(m—D)e
_)\tyt—(m—l)f — Ml (11)

In this case, the continuous optimization problem is not
smooth; therefore, we cannot use a gradient optimization
method. As an alternative to the simulated annealing algorithm,
we propose a discrete global two-dimensional search, which
can be effectively implemented using a fast median calculation:

(1) First, we perform the minimum search over discrete set of
¢, where we divide the segment of A; (10) into p parts as

R;/r:

0) . -1 :
A =14+i————, iel0,plelN
)4

(2) Next, we use the property that the median Med =
argmin Y _ |x; — m| is the central point, which minimizes
the average of the absolute deviations of a set of points

{x;}. Using this property, for every fixed k;i) we can find the

(@)

value of the parameter x; ', which minimizes the function

(11):
1 =Med(lyy — 2Pyl

|[YN—7 — /\§ Yi—tls oo s [YN—m—-1)7 — A?)yHmmfl).

To improve the calculation of ufi), an effective method for
fast median search [17] can be used.

(3) Using the sets Al(i) and M§”, we can approximate the
expression (9) as

La(Yy, Y;) = min(lyy — 2Dy — )
+ |yN—r - )‘Z(Z)YZ—I - M§1)| R

[YN—m-1)r — )»fl)yz—(m—l)r - ,u;l)l)-

At this step, for every vector ¥; we obtain the corresponding
values i, which minimizes the above-mentioned equation.

Therefore, the metrics (9)—(11) has its minimum for A, =

)\Ei‘)) and u; M;lO).

The parameter p determines here the fragmentation of A, and,
therefore, has an influence on the precision of the optimization.
However, an improvement in our ability to find the minimum of
the metrics with larger p more precisely comes at the expense
of computation speed.

Let us consider one simple example. If we assume the
embedding dimension m = 2 and the embedding delay 7 = 1,
then we obtain a fitting set and a time delay embeddings as
follows:

N =N IN-1)s  Yi = vie1)-

We can then do a linear regression between these two
vectors, i.e. find A and u such that

YN =AYt +u+&, YN-1=Ay—1+pu+E—1,

where &, and &, are two error terms. As we have two data
points and two parameters, we can actually find A* and u* such
that both error terms will be equal to zero, that is,

yv =AY+ u", yvor = Ay + et

Hence the distance (9) defined above, L A()7N, )7,) = 0 for
any t, and we cannot predict a future value yyy| by the
value A*y; 41 + w*. From this example we can see, that in
comparison with the standard nearest neighbours method, the
adaptive approach proposed in this paper has some restrictions
on the choice of the embedding dimension: m > 2.

4. Numerical simulations

To illustrate the accuracy of the method, we generate and
predict in this section several deterministic and chaotic time
series as well as consider two real time series related to the bank
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Table 1

Prediction summary for deterministic synthetic examples

Time series k m MAPE(L,) MAPE(L 4)
Time series with seasonal dependence 2 100 0.5% 0.1%
Time series with multiplicative seasonality 2 15 20.8% 6.8%
High-frequency time series 3 70 26.4% 16.7
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Fig. 1. (a) Time series with seasonal dependence, vertical line shows the prediction start. (b) Zoom of predicted values and (c) Fourier spectrum of source data.

data processing. For the accuracy control, we use the Mean
Absolute Percentage Error, calculated as

Vi — i
Yi

1 M
MAPE:MZ

i=1

- 100%,

where y; is the source points, y; is the predicted points and M
is the number of predicted points.

4.1. Deterministic synthetic examples

In this section, we test the proposed method on three de-
terministic time series with pronounced seasonal dependence,
trend and amplitude change. Using adaptive cityblock metrics
(11), we calculate the prediction and the MAPE(L 4) value for
each time series. For this calculation, we select the embed-
ding dimension similar to the seasonal period using an auto-
correlation technique.

To compare the prediction with those obtained using
standard Euclidean metrics (6), we also apply k-nearest
neighbours algorithm (3) to the corresponded detrended time
series and evaluate the MAPE(L,) value. For all considered
time series, we collected the calculation parameters and
corresponding MAPE values in the Table 1.

(1) The first synthetic time series with seasonal dependence and
linear increasing is showed in Fig. 1(a):

S(t) = cos(t/25) sin(t/100) + /1000 + 1,
t € [0, 2200],

where ¢ denotes time. In Fig. 1(b), solid line corresponds
to the original time series and dashed line corresponds to a
forecast, made for 10% of series length using new adaptive
approach. For this time series, we do not see any difference
between source and predicted data. The Fourier spectrum of
the series shown in Fig. 1(c) indicates clearly a modulation
phenomenon (multiplication of two sinusoidal signals) in
the data [18]. Amplitude of seasonal component does not
change—it means that optimal value of parameter A, for
all embedding dimension vectors is equal to zero. During
the prediction, only the parameter i, responsible for a
changing trend, should be determined. Prediction applied
to the detrended data using standard Euclidean metrics
(6) also predict this time series perfect, as there is no
amplitude changing in this data series. Note what other
methods like described in [18] and based on a modulation
model can predict this time series perfect with error close
to zero. Obviously, this is assuming that the periods of the
sinusoidal signals are known. In more general applications,
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Fig. 2. (a) Time series with multiplicative seasonality, vertical line shows the prediction start. (b) Zoom of predicted values and (c) Fourier spectrum of source data.

where the periods have to be estimated, then the errors and
forecasting performance would depend on how well the
periods are estimated. Our propose method does not require
to estimate these periods.

(2) The next nonlinear simulation shown Fig. 2(a) is a time
series with multiplicative seasonality. This time series has a
nonlinear trend, and the amplitude of seasonal oscillations
increases with time. We model this time series as

R(t), te[0;79]
S(t) =1 8¢ — 1)’ . _
m, t e [80, 590], o = 14,
t .
where R(t) = 70000 (sin(z/350) cos(9t/7) + 10).

Prediction is done for 15% of source time series length;
from Fig. 2(b) we see very good agreement between the
source (solid line) and predicted (dashed line) data. This
time series has a peculiarity, that the amplitude of every
following periodic segment is a fixed time as much as the
previous segment. Evidently, the parameter A; has caught
this dependency. This signal may be also modelled, for
example, as a Dynamic Harmonic Regression [19] that
includes a trend and a seasonal component.

(3) High-frequency time series with multiplicative seasonality
and smoothly increasing amplitude is presented in Fig. 3(a).
To produce this time series, we used the following explicit
expression:

S(t) = fﬁ' sin(t/2)| + | cos(¢/20)|, t € [0; 550].

It models a high-frequency series with seasonal periodicity.
In Fig. 3(b), prediction is done for 10% of time series

length. The Fourier spectrum (Fig. 3(c)) is relatively
complicated, therefore this synthetic series is not usual to
consider the interaction between trends and seasonality, and
it is difficult to handle it with other standard methods.

4.2. Chaotic time series

To make some sensible comparisons to the ‘conventional’
nearest neighbours method, in this section we perform some
tests on a typical and complicated chaotic time series such
as a time series generated from the Duffing equation, from
Mackey—Glass delay-differential equation and chaotic Ikeda
map. These time series do not have any global amplitude
changing or trend, therefore we can perform the direct
comparison between three metrics: L4, L, and Lj. As for
deterministic synthetic examples shown in the previous section,
we collected the calculation parameters and corresponding
MAPE values in the Table 2.

(1) The first example is a solution of Duffing equation, shown
in Fig. 4(a). For prediction, we use only the horizontal com-
ponent of this chaotic two-component series. In the defini-
tion (1) we assume that the time series consists of the pos-
itive values y; > 0, therefore we added the value xq to the
source horizontal component (Fig. 4(b)). The prediction is
done for 5% of time series length. Comparison of predic-
tion using different metrics is shown in Fig. 4(c), where
solid line corresponds to the source time series, dashed
line depicts the prediction using the adaptive metrics (9),
dot—dashed and dotted lines represent cityblock (5) and Eu-
clidean (6) metrics correspondingly.
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Table 2

Prediction summary for chaotic time series

Time series k m MAPE(L ) MAPE(L7) MAPE(L 4)
Duffing equation 2 48 20.4% 18.7% 21.6%
Mackey—Glass delay differential equation 3 7 1.6% 4.6% 3.5%
Chaotic Ikeda map 3 7 33.4% 10.8% 26.9%

(2) The Mackey—Glass delay differential equation is defined in
terms of a scalar function of time, x(¢) [2,20,21]:
dx (1) ax(t — 1)
— = —bx(t) + —,
dt R P p—
a=02,b=0.1,c =10, 79 = 17.

The system is infinite dimensional because it is a time de-

lay equation, and has an infinite number of Lyapunov expo-
nents. The solution of this system is shown in Fig. 5(a). The

prediction is done only for the horizontal component for 5%
of time series length (Fig. 5(b)). According to the Takens’
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theorem, the embedding dimension m is equal to the dimen-
sion of the reconstructed space m = 2D + 1, D being the
dimension of the attractor of the dynamical system; in this
case D = 2. Since the underlying system is not transla-
tion and dilation invariant, in the optimal choice of the past
history, two degrees of freedom are factorized out, which
leaves us with an effective dimension of 5 + 2 = 7. There-
fore, we use the embedding dimension m = 7 to produce
the Fig. 5(c) where solid line corresponds to the source time
series, dashed line depicts the prediction using the adaptive
metrics (9), dot—dashed and dotted lines represent cityblock
(5) and Euclidean (6) metrics correspondingly.

(3) The Ikeda map may be given in terms of a mapping of the
complex plane to itself. The coordinates of the phase space
are related to the complex degree of freedom z = x + iy.
The mapping itself is [2]

Zntl = p + Bzpel@TB/0Fm),

p=1,B=1,a=04,8=6.

Fig. 6(a) is based on a time series of the Ikeda map, of
length 2048. The prediction is done for the translated ver-
tical component y(t) 4+ yo for 5% of time series length
(Fig. 6(b)). As in the previous example, we use the same

embedding dimension m = 7 to calculate three predic-
tions using three different metrics; these results are shown
in Fig. 6(c).

From the one hand, the numerical evidence presented here
shows that the proposed method could make the prediction on
complicated chaotic time series at least as good as that by the
conventional k-nearest neighbours algorithm. This could be a
good justification to make some claims about presented method
in the area of nonlinear/chaotic time series prediction.

From the other hand, these examples demonstrate that the
adaptive method proposed in this contribution is only an im-
provement on the standard nearest neighbours method, which
reduces problems of amplitude changing and trend determina-
tion. In the situation of detrended signals without amplitude
changing, the prediction results, as expected, are similar.

4.3. Real data

In Figs. 7 and 8, the fragments of dirty bank data are
presented. This data is related to the processing of bank-to-bank
transactions and commercial transactions, which occur during
weekdays. Calculations for both series are done for 10% of
series length.
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Data in Fig. 7 are the payments based on paper-documents component and unnoticeable trend. Setting the parameters m =
(filled-in and send to the bank). Concerned data have 40, T = 1, k = 2, MAPE of prediction appears 12,7%.
appreciable seasonal component with sinusoidal trend. MAPE

of prediction is 12,5% with following parameters of calculation: 5. Conclusions
m=20,t=1k=2.
Daily numbers of automatic teller machine transactions is We proposed a method for nonlinear prediction of time

presented in Fig. 8. These data have perceptible periodical series under the assumption that the underlying dynamics
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is translation and scale invariant. We show that our method
is able to predict periodical time series with complicated
structure. For synthetic and real signals forecast made by
presented method gives us better fit to real data in comparison
with standard method. However, like the standard nearest
neighbours technique, proposed algorithm is particularly
well suited to seasonal data. As distinct from the standard
k-nearest neighbours, the algorithm presented in this paper
offers an advantage of adapting to local variations of trend and
amplitude. Therefore, the problem of trend determination and
amplitude tendency observation is eliminated. Other kinds of
invariance may be considered by some obvious modification
of the presented method. We have shown, that this methods
works even for chaotic time series. Although in the derivation
of the method we have supposed some underlying invariance,
the method even works for dynamical systems which do not
have this invariance. In turn, we had to take a slightly larger
embedding dimension to factorize out this invariance.
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