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Goal

We want to modelize dispersive wave propagation.
Goal: imaging of shallow subsurface
Assumption: linear elasticity, single source

s1(t), s2(t) - source and received signals.
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Fourier propagator

ŝ2(f ) = e� [ik (f )+ � (f )+2 � iN ]� x ŝ1(f )

� x - distance between source and receiver position

� (f ), k(f ) - frequency dependent attenuation
coef�cient and wavenumber

N - integer number
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Disper sion parameter

k(f ) - frequency dependent wavenumber

Vp(f ) - phase velocity

Vg(f ) - group velocity

k(f ) = 2� f
Vp(f ) ; k

0
(f ) = 2�

Vg(f )

Vg(f ) = 2�
k

0
(f )

=
2� V 2

p (f )
Vp(f ) � f V

0

p (f )
:
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Wavelet-Transf orm

Wgs(b;a) = ~ga � s(b) =
Z

1
a

�g
�

t � b
a

�
s(t) dt

~ga =
1
a

�g(� t=a)

Interpretation: mathematical microscope

a: scale

b: position

g: optics
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Wavelet-Transf orm

In frequency space

Wgs(b;a) =
1

2�

Z
�̂g(a! ) eib! ŝ(! ) d!

Interpretation: time-frequency analysis

1=a: frequency f =f 0

b: time

g: �lter
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Wavelet-Synthesis

No information is lost: inversion by adjoint

s(t) =
1
cg

Z
1
a

g
�

t � b
a

�
Wgs(b;a)

dbda
a

s(t) =
1
cg

M gWgs(t)

With cg =
R1

0 jĝ(! )j2 d!
! .
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Energy conser vation

This implies energy conservation

Z
jsj2 =

1
cg

Z
jWgsj2

dbda
a

:
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Reproding kernel

The image of Wg is characterized by a reproducing kernel

Wgs(b;a) =
Z

1
a0

�
�

b� b0

a0
;

a
a0

�
Wgs(b0; a0)

db0da0

a0

Wgs = � � Wgs � =
1
cg

Wgg

Manifestation of uncertainty relation.
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Example: Two Real signals
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Wavelet propagator

Asymptotic propagator for modulus M i (b;f ) = jWgsi (b;f )j
is

M2(t; f ) = e� � (f )� xM1

�
t �

� x
Vg(f )

; f
�

Attenuation

group velocity delay of modulus
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Wavelet propagator

Assymptotic propagator for phase � i (t; f ) = argWgsi (b;f )

� 2(t; f ) = e� 2� if
�

1
Vp ( f ) � 1

Vg ( f )

�
� x � 1(t; f )

phase governed by harmonic mean ( 1
Vp

� 1
Vg

)� 1

phase determined only up to 2� N
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Typical experimental data set
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Modelling with cross-correlation

Tr r (t) = sr (t) � sr (t), T̂r r (f ) = jŝr (f )j2 -
autocorrelation of reference signal sr (t) at a distance
� xr .

Tij (t) = si (t) � sj (t), T̂ij (f ) = ŝi (f ) � ŝj (f ) -
cross-correlation of si (t) at a distance � xi and sj (t) at
a distance � xj

Dij = � xi + � xj � 2� xr and � Dij = � xi � � xj -
distance matrix
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Wavelet correlation

Cross correlations Tij read in waveletspace

WgTij (t; f ) =

e� i [k(f )� f k
0
(f )]� D ij

e� � (f )D ij

WgTr r (t � � Dij k
0
(f ); f )
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Example: 4 crosscorrelations
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Inversion procedure

Optimization procedure:

� 2(p; m) ! min; p 2 RP ; m 2 RM

P - number of parameter for the approximation of k(f ).
M - number of parameter for the approximation of � (f ).

k and � modeled by splines.
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Wavelet cost function

De�ning cost function � 2 in wavelet space has advantages

random-noise �lter in wavelet space (e.g. wavelet
shrinkage)

wave-�eld separation in wavelet domain

Propagator in wavelet space allows ef�cient inversion.
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Synthetic data set
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Step 1

Pairwise estimation of group velocity using propagation of
modulus of wavelettransform.
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Step 2

Estimation of average (effective) phase velocity by joint
inversion using fourier propagator
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Step 3

Final estimation of dispersion using wavelet deformation of
cross-correlations (mode 1).
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Step 4

Final estimation of dispersion using wavelet deformation of
cross-correlations (mode 2).

Saint Petersburg, 26.06.04 – p.23/31



Veri�cation

Comparsion of correlations of original and estimated
seismogramm
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Experimental data set
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Step 1

Pairwise estimation of group velocity using wavelet
modulus propagation
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Step 2

Estimation of average (effective) phase velocity by joint
inversion using fourier propagator
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Step 3

Final estimation of dispersion using wavelet deformation of
cross-correlations of low frequency component.

Saint Petersburg, 26.06.04 – p.28/31



Veri�cation

Comparsion between source and optimized seismogramm

Saint Petersburg, 26.06.04 – p.29/31



Compar sion

Comparsion between cwt method, Capon's high resolution
f-k method and the MUSIC algorithm
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Conc lusion

propagation of dispersive waves may be easily
described in wavelet space

inversion of dispersion laws in 3 steps allows
simultaneous estimation of attenuation group- and
phasevelocity

individual estimation for modes separated in wavelet
space is possible
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