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LINEAR WAVE PROPAGATION PROBLEM

Waves in
Cosserat

model @ Equation of motion:

Igor
Shardakov,

Mikhail (A +2p)graddivu — protrotu + X = pu,
Mikha Ul u={ux(x,z1t),uy(x,zt),ux,2z, t)}T
was @ Problem statement

@ Fourier transform of equation (no external loads):
(A + 2p)graddiv i — protrot &r + pw?ir = 0

@ Separation of variables: '
P li(x,z,w)] =0 — P,[U(2),e®™ k,w]=0



GENERAL SOLUTION

Waves in

ewssilll A monochromatic substitution u = U(z)e/*+«) ora
non-monochromatic substitution

‘ i = U(2)e#8y(w),
Mikhail Ulitin oo

Classical u= 21_71' / U(Z) ei(kX—H‘JI) éo (w) dw

waves

give us the general solution:

U(z) = M(k,w) - {Ae"?, Be—"1, Ceve?, De~vez}T
1=1/K2—w?/C2, vp=,/k?®—w?/C5,

where non-dimensional parameters are used:

c2_ G _ Mo c2 = C w
ngg ngwS ? X2w0 pxgwg




1 CONSTRAINTS

Waves in

Cosserat We have three types of constraints:
@ Initial conditions are given by the function S;(w)

i ol®

Mikhail Ulitin

s

;c-
Classical st
waves

aos ai = 100 =0 20
tisec) 1(Hz)

@ Boundary conditions are given by restriction on u and

(or) & and define a wave type: Body P- and S-waves,

Rayleight wave, Lamb wave, Love wave, Stonley wave
etc.

@ Dispersion equation

det[R(k,w)] =0 = k=~kK(w), j=1..N




HOW CAN BE INTRODUCED THE ROTATION

VECTOR IN A LINEAR MODEL?

Waves in

Cosserat @ Classical elasticity theory (6 = 1/2 rotu):
(A +2u)graddivu — protrotu+ X = pir

| @ Reduced Cosserat continuum (@ and u are dependent):
et il (A +2p)graddivu — (u + a)rotrotu + 2arot@ + X = pil,
2arotu — 400+ Y = jO

@ Cosserat continuum (@ and u are independent):
Waves in (A +2p)graddivu — (u + a)rotrotu + 2arot@ + X = pil,

Cosserat

model (3 + 2v)graddiv@ — (v + )rotrot@ + 2arotu — 400 + Y = jO




LINEAR COSSERAT MODEL

Waves in

Cosserat We consider a heterogeneous elastic medium with
model inclusions as a homogeneous Cosserat continuum, whose
point-bodies may rotate and move (no external loads):

h

Mihai Ui (A +2u)graddivu — (u + o)rotrotu + 2arot@ = pur,
(B + 2y)graddiv@ — (v + ¢)rotrot@ + 2a rotu — 400 = jO

Waves in

moder @ p=n-5and m=n-j are force and moment of force
@ u = {uy,uy,u;}" is displacement vector and
0 = {0x,0,,0,}7 is rotation vector
@ ., A are the Lame constants,

@ «, 3,7, are the physical constants of a material in the
framework of the Cosserat medium,

@ pis the density, j is the moment of inertia density.



LINEAR COSSERAT MODEL

Waves in

Cosserat @ Asymmetric strain tensor

model

Igor ;5/ - vu - E : 0
"'F‘.I.'L}f.j"” @ Asymmetric torsion bending tensor
e x=Veo

@ Asymmetric stress tensor

| & = 2u59) + 205 + I (5)@
év%zfrént @ Asymmetric couple-stress tensor

i =2y + 263\ + Bh(7)&

@ Equilibrium equations

V-6+ X =pu,

GT-E+V-i+Y=j0
@ (.)(%) and (.)® denote the symmetric and

antisymmetric parts of tensor

@ E is the Levi-Civita tensor of the third rank



GENERAL SOLUTION

taves in Solution steps:
osserat \ .
@ Fourier transform of equation:

~

(A + 2p)grad div & — (p + a)rotrot &f + 2arot @ + pw?ir = 0,
(B + 2v)graddivé — (v + ¢)rotrot @ + 2« rot &1 — (4a — jw?)0 =0

@ Non-monochromatic substitution:

i1 = (Ux(2), Uy(2), Ue(2)}” e So(w),
— {(Wh(2), Wy (2), Wa(2)}T " So(w)

@ Solution form



4 EQUATIONS TO BE SOLVED

Waves in
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model @ Longitudinal mode Uy(z), U;(z), Wy(2)
(1 + @)Uy (2) + (pw? — KB (A + 21)) U(2)+
+ik(A + p — a)Uy(2) — 2aW,(2) =0,
Ml Uit (A +20)U; (2) + (p® — K(n+ ) U (2)+
+ik(X + p — @)U (2) + 2ikaW,(z) = 0,
. (v + )W, (2) + (jw? — K2(y + &) — 4a) Wy (2)+
Cossorat +2aUy(2) — 2ikaU,(2) = 0
mode @ Transverse mode U, (z), Wy(2), Wz(z)
(7 + )W, (2) + (jw? — K3(5 + 27) — )Wx(z)+
+ik(ﬁ+’y—5)W( ) —2aU,(z) =
(B+27)W, (2) + (jw? — k2(7+6) 4a) W (z)+
+ik(6j¢v—s)W( ) + 2ikaUy(2) =0,
(1 + ) Uy (2) + (pw? — K2+ a)) Uy (2)+
+2aW,(z) — 2ikaW,(z) = 0.




LONGITUDINAL P-WAVES

Waves in

Cosserat @ Representation of P-wave
I

Ux(2) = Uy, Uy(2) = 0, Uz(2) = 0,

WX(Z) = W, Wy(z) =0, WZ(Z) =0

Mikhail Ulitin

@ Two disperion equations:

(pw? — K3(A +2u)) Ux(2) = O,
(jw? — K2(B + 2v) — 4a)Wy(2) = 0 J

@ Two disperion curves:

i () = w5l

o jw? A
ko(w) =\ 5y — Fe2m)




NON-DIMENSIONAL SOLUTION

Waves in
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a
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New parameter Cs describes the boundary velocity of
longitudinal rotation wave



TRANSVERSAL S-WAVES

Waves in

Cosseral @ Representation of S-wave

Uv(z) =0,U,(2) = Uy, Ux(2) = U,
Wi(z) =0,W,(z2) = W,, W;(z) = W, J

Mikhail Ulitin

@ Disperion equations:

(v +&)(p + a)k* + (4o — (j(p + @) + p(y + €))w?) K>+ J
+jpw* — dapw® =0

@ Non-dimensional form:

4, 2 CHCE 2\ y2 . w' 4R 2 _
K (4A Lo w?) K+ gi — B =0,
A2 = X2

N - T 2 2 _L 2 ﬁ
0 (uta)(y+e)’ CZ - pX2 2, C T pXEuwE’ Ci= JXeuw?




NON-DIMENSIONAL SOLUTION

Waves in
Cosserat

ka(w) = v/ Ap(w),2 k24(w) = V/Am(w), where
Shardakoy, C2+C; S~
Mikhail Ulitin 4 4 2 N2 2(N2 N2 2 N2 2 N2
_ aCici-2cic 2 A?(CEC3+C2C2—2C2C2)
Dw) =w acics v C2C2Ce

+ 4A%
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GENERAL SOLUTION FOR LONGITUDINAL
WAVES

Waves in
Cosserat

o0
UX(X, z, t) = / {D1 ike= "% 4+ Dgllge_yzz + D3V3e_‘/32 + D4ike"1z—

—0oQ
Kulesh, 7 A
Mikhail Ulitin Dsvye"2? — Dguse¥3® } e+ S (w) dw,

>
Us(X, 2, 1) = / {~Divre % + Dyike % + Dsike "+

— 00

D4v1€"'% + Dsike"?? + Deike"sz} e/l +wt) S0 (w) dw,

8,(x,z,1) = g / {Dz (Am - g—z)e—”ﬂ + Dj (A,, - %Z)eﬂﬁ@
3 3

Surface waves

—0oQ

Ds (Am _ ‘é_;) "% + Dy (A,, . 2—2) eVGZ}e"(kXW’) So(w) duw,

2
where vy =, /k* =&, w23 =K —Anp, B= oty

v




GENERAL SOLUTION FOR TRANSVERSAL

WAVES

Waves in
s 4
= ) (Ege 2 4 E5e522) +

Cosserat o
uy(x,z,t) =g /{(Am 02

> _004)(Ese 5+ Eget) el o) o

Mikha |I|JI||u (Ap CZ
0 (X z t) / {E1 Ike_&z =+ E2£26_522 L Esfse §3Z + E4Ike§12
Estoe™” — Egae® pe o0 y(w) du,

[ee]

0) (X V4 t) /{—E1£1 ef&z.‘_ Egl'kef&z_l_ E3Ike £s2

Surface waves
— 00

E4g1e€12+EsikeﬁzzJ,EGikeﬁBZ} (kxtwl) S (w) dw,

5273 = k2 — Am,p; F=

y+e
an

2 4C2
where & = ,/k2 - %g + FT%



RAYLEIGH WAVE

Waves in
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jor
Shardakov
Mikh:
Kulesh

@ Amplitude of displacement components fades along the
z-axis: Dy = D5 = Dg =0
@ The boundary conditions at the surface z = 0 require
that normal forces and moments be zero and in the
dimensionless form are
sz|z:0 =0, Uzy|z:0 =0, Uzz|z:0 =0
sz|z:0 =0, sz|z:0 =0, Mzz|z:0 =0



RAYLEIGH WAVE

el Dispersion equation

Cosserat

st l‘m‘w‘” det(Rr(V1 , V2, VS)) = 0: )
ihai 2k2 _ & —2ikps —2ikps
Mikhail Ulitin

2

Re(p1, P2, P3) =

k(@)

Rayleigh wave
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SURFACE TRANSVERSE WAVE
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Mikhail Ulitin

@ Amplitude of displacement components fades along the
z-axis: Es,=Es =Eg=0
@ The boundary conditions at the surface z = 0 require
that normal forces and moments be zero and in the
dimensionless form are
sz|z:0 =0, Uzy|z:0 =0, Uzz|z:0 =0
sz|z:0 =0, sz|z:0 =0, Mzz|z:0 =0



SURFACE TRANSVERSE WAVE

Waves in Dispersion equation

Cosserat

det(R:(&1,62,&3)) =0,

Ri(p1, P2, p3) = . ,
2ik AmC4—w ApC4—w
1-B p2 (2 + 2A2C2 ps (2 + 2A2C2
: 2 2 2 2
ikp1 (1 + C) p: + k°C ps +k°C
@z 2 o CE ; ;
(63—0—1)" -5 ikpo(1 + C) ikps(1 + C)
_ 9=t
C= Te |

22 15

x
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SURFACE TRANSVERSE WAVE

Waves in

Cosserat Displacement and rotation vectors components

Ox(x, Z, 1) /{ke‘w etz _ ize‘gaz}e'(k"*“”_”/z)éo(w) dw,

2 2
w 4A°BN\ _
Uy(XZt—gAQB/{ m——+B_1)e52z—
&(Ap - 2 oo ‘EA ’f)e 532} gbtwi=m/2) §o(w) dw,

02(x,2,t) = /{5 e &1? 23*522 - %e*@z}e"(k”“"éo(w) dw

Note that in addition to the elliptic surface Rayleigh wave, it
is also possible to observe another wave type, a surface
wave whose one component is parallel to the boundary
surface and perpendicular to the propagation direction.




SURFACE TRANSVERSE WAVE
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Propagated waveform:

o5 (@) Rayleigh wave
u
05+ n
1 L L L L 1 1
e (000 0, (3,00 (300 0, (3,00 o, (300
—05 | :
Il 1 1 1 1 1 1

u (t)

u,(t)




LAMB WAVE
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Shardakov, o
Mikhail i __ H
Kulesh,
Mikhail Ulitin

@ Let us consider a free loaded plate with the thickness
2H, characteristic length Xo = H

@ The boundary conditions at the surfaces z = +1
require that normal forces and moments are zero and
in the dimensionless form are

Ozxlz—i1 =0, Ozlro41=0, 0zlr—41=0

/sz|z:i1 =0, ,Uzy|z:ﬁ:1 =0, sz|z:i1 =0



LAMB WAVE
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Cosserat Lamb wave with components uy, u; and 6, is described by
the dispersion equation

Igor

Tt det | Rrvi,ve,va)diag(e™™")  Ri(—11, —vz, —vs)diag(€"™) | _ g
AHEE Rr(v1,v2,v3)diag(e”” Rr(—v1, —vo, —vg)diag(e"") | —
o R G
g’
Lamb wave "
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& TRANSVERSE LAMB WAVE
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@ Let us consider a free loaded plate with the thickness
2H, characteristic length Xo = H

@ The boundary conditions at the surfaces z = +1
require that normal forces and moments are zero and
in the dimensionless form are

sz|z:i1 = 07 Uzy|z:i1 = 07 Uzz|z:i1 =0
/sz|z:i1 =0, ,Uzy|z:ﬁ:1 =0, sz|z:i1 =0



TRANSVERSE LAMB WAVE

Waves in

Cosserat Transverse wave with components uy, 6x and 6, has the
following dispersion equation:

Igor
Shardakov,
Mikhail

falesh. det Ri(&1, 62, &3)diag(e™%")  Ri(—&1, —&2, —&s)diag(e®") ] —0
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CONCLUSION
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@ In this study we have obtained some analytical
solutions corresponding to P- and S-waves, Rayleigh
wave and surface transverse wave in a half-space as
well as Lamb wave and transverse wave in a thin layer
within the framework of linear Cosserat model.

@ These solutions can be divided into two groups, one of
which corresponds to the well-investigated elliptical
wave and the other — to the transverse wave with
depth-dependent decay which does not have any
analogy in the classical theory of elasticity.

@ We have compared the solution for all observed waves
to classical case with help of numerical illustrations.

Conclusion



OPEN QUESTIONS

Waves in
Cosserat
model

@ Analysis of displacemet components for the Lamb and
: transverse waves in a thin layer.

et Ul @ Construction and analysis of analytical solution for
cylindrical waves with two characteristic sizes.

@ Collection of experimental results for the wave
propagation problem in medium with microstructure.

@ In which wave propagation problems we can use the
linear Cosserat model and when do we need to use a
non-linear approach?

@ The main result of the present work is the theoretical
existence of surface transversal waves. Can we
construct an experiment to demonstrate it?

Conclusion
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